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Abstract
ω denotes the countably infinite discrete space. Our interest is whether a homeomorphism f
between remainders of extensions W,W ′ of ω can be extended to an onto homeomorphism F
between W and W ′. Here first we note this is impossible for Tychonoff spaces W and W ′. On the
other hand we have noted in 1995 that it is possible if both W and W ′ are compact and metrizable.
Using this result, we obtain the second result that the situation is the same for non-compact metrizable
spaces if f (KW) = KW ′ holds, where KW [KW ′ , respectively] is the subspace of the remainder
consisting of points at which W [W ′] is not locally compact.
In the author’s opinion this is a property of the space ω rather than of separable metric spaces (see
remark towards the end of Introduction).  2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let ω denote the countably infinite discrete space. General practice has been to call a
space W an extension of ω when ω is dense in W . In this paper we instead consider W
as an extension of the remainder W \ ω; we will call W an ω-extension of W \ ω if ω is
dense in W . Thus, for example, βω is an ω-extension of ω∗ = βω \ ω, and the subspace
{0,1,1/2,1/3, . . .} of the real line is an ω-extension of the one-point space {0}.
Let us call ω-extensions W and W ′ of the same space X equivalent if there is an onto
homeomorphismW →W ′ which leaves every point ofX fixed. We question whether all ω-
extensions of a given space X are equivalent, that is, whether X has a unique ω-extension.
In Section 2 of this paper we answer this question in the negative for a Tychonoff space X
(Theorem 1). Because of this, the question naturally transforms itself to the following: for
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which class P of spaces, hereditary with respect to closed sets, and which space X ∈ P , it
is true that
X has a unique ω-extension belonging to P . (∗)
It has been noted by Pełcyn´ski [4] 1 and, independently, by the author [5, Theorem 2]
that this has a positive solution for the class P of all compact T2-spaces and a compact
metric space X. That is, we have
Theorem 0. A compact metric space has a unique compact ω-extension.
(Here we note that locally compact ω-extensions of a separable metric space have
countable netweight and hence are metrizable.)
In the latter part of this paper we consider classes P of metrizable spaces and show that
the condition (∗) is satisfied for some non-compact metrizable spaces X as well.
In the author’s opinion, this is a property of ω, rather than of separable metric spaces.
In fact, the futility of a similar consideration for the space ω1 was pointed out at the end
of [5]. Also, it is easily seen, by considering the Cantor set and the unit interval, that neither
the space of rationals nor irrationals works in place of the space ω in Theorem 0.
This paper grew out of the author’s e -mail discussion with Ronnie Levy of Fairfax,
Virginia and Misha Matveev of Moscow. Although both of them declined to appear as
co-authors of this paper, the author is indebted to them all the same in many ways.
2. Tychonoff extensions
The following observation steers us towards special classes of spaces in the study of the
uniqueness of ω-extension.
Theorem 1. No Tychonoff space has a unique ω-extension.
For the proof of this theorem, we need the following version of Hewitt–Marczewski–
Pondiczery’s Theorem, which is shown by a simple modification of the proof provided
in [2, 2.3.15].
Lemma 1. I c has a countable dense subset which contains no non-trivial convergent (in
I c) sequence.
Proof of Theorem 1. Suppose that a Tychonoff space X has an ω-extension. Since X is a
subspace of a separable space, we have that w(X) c, and hence that X can be embedded
in I c . We consider I c = I c × I c and, for an arbitrarily fixed point p ∈ I c , may embed X
into {p}× I c . Then by Lemma 1, I c = I c× I c contains a countable dense subset N which
is disjoint from X and contains no non-trivial convergent sequence.
1 The author is grateful to M. Matveev for this information.
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Into the subspace X∪N of I c , we introduce a new topology by isolating all points of N .
Let W denote the new space. Then W is clearly an ω-extension of X and is Tychonoff, and
no non-trivial sequence in W \X converges to a point in X. On the other hand, we can also
have another ω-extension W ′ of X by just adding a convergent sequence to W arbitrarily
(e.g., consider a subspace of the product space W × {0,1,1/2,1/3, . . .}). Here are non-
equivalent ω-extensions W,W ′ of X. ✷
3. Metrizable extensions
In this and the succeeding sections, we consider the condition (∗) for a metrizable space
X and a class P of metrizable spaces.
It is well-known that a space X has a metrizable ω-extension if and only if it is separable
and metrizable. For an ω-extension W of X, we define
KW = {x ∈X |W is not locally compact at x}.
Obviously KW is a closed subset of X, and if W is locally compact then KW = ∅.
Then our main result is formulated as
Theorem 2. Metrizable ω-extensions W and W ′ of a metrizable space X are equivalent if
and only if
(1) W and W ′ are compact, or
(2) W and W ′ are non-compact and KW =KW ′ .
Obviously, only “if ” direction needs to be proved. Part (1) is Theorem 0 itself. We show
part (2) by dividing it into two parts. That is, Proposition 2 deals with the case that X is
compact and Proposition 3 with the case that X is not compact. Actually, we prove part (2)
by reducing it to part (1).
This theorem implies the following, each of which partly answers our question in the
Introduction (Corollary 1 was first obtained by Mikhail Matveev in his own way in January
1999 in answer to the author’s question, and communicated to him by e-mail):
Corollary 1 (M. Matveev). A nowhere-locally-compact separable metric space has a
unique metrizable ω-extension. In particular, the space of rationals and the space of
irrationals each has a unique metrizable ω-extension.
Corollary 2. A locally-compact non-compact separable metric space has a unique locally
compact ω-extension.
Apparently, the uniqueness is not the only worthy subject in the study of ω-extensions.
Here is another.
Corollary 3. A compact metric space has exactly two non-equivalent locally compact ω-
extensions, that is, compact and non-compact ones.
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The following is also deduced from Theorem 0 and may be of some independent interest.
Its proof will be postponed until after Proposition 2’s in the next section. (Also see the
remark at the end of the proof.)
Proposition 1. If W and W ′ are metrizable ω-extensions of a compact metrizable space X
and W is not compact, then there is an onto continuous map W →W ′ which leaves every
point of X fixed.
Before proceeding to the following sections we point out the following, which was
known to Sierpin´ski in the 20s (see [2, 6.2.B]).
Lemma 2 (Sierpin´ski). For a metrizable ω-extension W of a metrizable space X, there is
a retraction W →X.
4. For compact metrizable spaces X
By using Theorem 0 in the Introduction, we show
Proposition 2. If W and W ′ are non-compact metrizable ω-extensions of a compact
metrizable space X and KW =KW ′ , then W and W ′ are equivalent.
Proof. If both W and W ′ are locally compact (and non-compact), we take the one-point
compactification Z = W ∪ {p} of W . Then Z is a compact ω-extension of the compact
space X∪{p}. Considering the similarly constructedZ′, we have by Theorem 0 that Z,Z′,
and hence W,W ′ are equivalent.
We need some work in the case that neither W nor W ′ is locally compact, that is,
KW =KW ′ = ∅.
First, let d, d ′ be metric functions for the spaces W,W ′, respectively, such that both
are < 1. In the following Sε(x) denotes the ε-neighborhood of the point x under suitable
metric function.
X has a dense countable subset D, because it is separable. Since ω × ω  ω, we can
index D = {zn | n = 1,2, . . .} in such a way that {m | zm = zn} is infinite for all n =
1,2, . . . . For each n, take tn ∈ ω so that d(tn, zn) < 1/n and let M0 = {tn | n = 1,2, . . .}.
Then each M0 \ S1/n(X) is a finite set, and hence
ClM0 =M0 ∪X
is a compact ω-extension of X.
Next, for each k ∈ ω, take the point xk ∈ X so that d(k,X) = d(k, xk) and, for each
i = 1,2, . . . , define
Ni =
{
k /∈M0 | 1/(i + 1) d(k, xk) < 1/i
}
.
Since W is not locally compact, infinitely many Ni ’s are infinite sets.
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Fix i for a while in which Ni = ∅. Since Cl{xk | k ∈Ni} is compact, it contains finitely
many points p1, . . . , pn so that Cl{xk | k ∈ Ni} ⊆⋃ns=1 S1/i(ps). For each s take and fix
ks so that xks ∈ S1/i(ps). Then for any k ∈ Ni , there is an s such that xk ∈ S1/i(ps),
which implies d(xks , xk) < 2/i and d(k, ks)  d(k, xk) + d(xk, xks ) + d(xks , ks) < 4/i .
This means that Ni contains a finite subset Mi = {ks | s} so that Ni ⊆ S4/i (Mi).
Now define a correspondence
π :Ni →Mi
so that k ∈ S4/i (π(k)) and π |Mi is the identity. Redefining Mi if necessary (take Mi ∪⋃{π−1(h) | π−1(h) is finite} as the new Mi ), we may assume, without loss of generality,
that, for each h ∈Mi , either π−1(h)= {h} or π−1(h) is infinite.
Define
Mf =M0 ∪
{
h | h ∈Mi and π−1(h)= {h}, i = 1,2, . . .
}
and
M∞ =
{
h | h ∈Mi and π−1(h) is infinite, i = 1,2, . . .
}
.
Obviously, ClMf =Mf ∪X is a compact ω-extension of X.
We claim that
ClM∞ ∩X =KW .
This implies that ClM∞ =M∞ ∪KW , and hence that ClM∞ is a compact ω-extension of
KW .
To show the claim, take p ∈ KW and i = 1,2, . . . arbitrarily. Then by definition the
neighborhood S1/(6i)(p) of p has non-compact closure, which contains a closed discrete
infinite set A. We may suppose A∩ (X∪M0)= ∅, and can take j so that A∩S1/j (X)= ∅.
Since A⊆ S1/(5i)(X), we have
A⊆N5i ∪N5i+1 ∪ · · · ∪Nj−1.
Then we can find an 5i  l < j so that A ∩ Nl is infinite. Since Ml is a finite set, there
is an h ∈ Ml so that π−1(h) ∩ A is infinite. Then we have that h ∈ M∞ and, taking
k ∈ π−1(h) ∩ A arbitrarily, that d(h,p)  d(h, k)+ d(k,p) < 4/l + 1/(5i) 1/i . Thus
KW ⊆ ClM∞.
Conversely, let p ∈ ClM∞ ∩ X and S1/i (p) be any of its neighborhood. There is an
h ∈ S1/(5i)(p) ∩M∞ and this h is ∈Mj for some j . We have that 1/(5i) > d(h,p) 
d(h, xh) 1/(j + 1), and hence that 5i < j + 1. Note that π−1(h) is an infinite subset of
Nj . For k ∈ π−1(h), we have
d(k,p) d(k,h)+ d(h,p) < 4/j + 1/(5i) 1/i,
and since d(k,X) = d(k, xk)  1/(j + 1), we also have k /∈ S1/(j+1)(X). All this means
that W is not locally compact at p.
Quite similarly we can work on W ′.
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By Theorem 0, there are homeomorphismsF :Mf ∪X→M ′f ∪X andG :M∞∪KW →
M ′∞ ∪KW ′ which leave every point of X fixed. For each r ∈M∞, let χr :π−1(r) \ {r}→
(π ′)−1(G(r)) \ {G(r)} be any bijection. Combining the maps
F, G, χr, r ∈M∞,
we get the desired equivalence map W →W ′. ✷
Proof of Proposition 1. Since W is not compact, there is an infinite closed discrete set
A ⊆ ω. As in the proof of Proposition 2, we can take an infinite set M0 ⊂ ω so that
ClM0 = M0 ∪ X is a compact ω-extension of X and M0 ∩ A = ∅. Let r :W → X be
the retraction defined by Lemma 2 and consider the subspace V =X ∪M0 ∪A. Defining
f (x) = x for each x ∈ V and f (x) = r(x) for x /∈ V , we have an onto continuous map
f :W → V . If W ′ is compact, then, by Theorem 0, V \ A and W ′ are equivalent ω-
extensions. By collapsing points of A anywhere, we get an onto map W →W ′. If W ′ is
not compact, then we have A′, M ′0 and V ′ quite similarly as above. Then we can define an
onto map g :V →W ′ so that g|X∪M0 is a homeomorphism between X∪M0 and X∪M ′0,
and g|A is any surjection A→ ω \M ′0. Then g ◦ f produces an onto map W →W ′. ✷
In fact, applying Theorem 3 in [5], we can obtain the following more precise result.
Remark. If W and W ′ are metrizable ω-extensions of spaces X and X′, respectively, and
W is not compact, then every continuous map f :X→X′ can be extended to a continuous
map F :W →W ′ so that F(ω)⊆ ω and F can be taken onto if so is f .
Note that this extension F cannot be unique as was clearly pointed out in [5].
5. For non-compact metrizable spaces X
Now that Proposition 2 is established, the remaining part of our theorem is
Proposition 3. If W and W ′ are metrizable ω-extensions of a non-compact metrizable
space X and KW =KW ′ , then W and W ′ are equivalent.
Proof. First of all, take and fix any metrizable compactification Y of X. Throughout this
section, Y and ω are supposed to be disjoint and X is viewed as a subspace of both W
and Y .
We will construct an ω-extension Ω ⊇ W of Y in which KΩ = KW ∪ (Y \ X).
Constructing Ω ′ similarly out of W ′, we can apply Proposition 2 and end the proof of
our Theorem 2.
Let O = {On | n = 1,2, . . .} be a countable base for open sets in Y . Fix any metric
function on W . For n,m= 1,2, . . . we define an open set Un,m of W by
Un,m = S1/m(On ∩X) ∩ r−1(On ∩X).
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Here S1/m(On∩X) denotes the 1/m-neighborhood of the set On∩X in W and r :W →X
denotes the retraction defined by Lemma 2. Then {Un,m | n,m= 1,2, . . .} ∪ {{p} | p ∈ ω}
forms a base for W .
Now we enumerate the set {(n,m) | n,m= 1,2, . . .} by a bijective function ϕ : {(n,m) |
n,m= 1,2, . . .}→ {i | i = 1,2, . . .}, and by induction define closed (in W ) sets En,m ⊆ ω
and subsets Gn,m ⊆ Y ∪ω in the following way.
Suppose that, for all (k,h) with ϕ(k,h) < ϕ(n,m), we have Ek,h and Gk,h. Then define
Vn,m = Un,m \⋃{Ek,h | ϕ(k,h) < ϕ(n,m)} and Gn,m = On ∪ Vn,m. Vn,m is an open set
of W and meets ω because it meets X and ω is dense in W . If ClW Vn,m is compact, let
En,m = ∅. Otherwise, there is an infinite closed discrete set ⊆ ClW Vn,m. Since Vn,m ∩ω is
dense in ClW Vn,m, we can choose this set as a subset of Vn,m ∩ ω. Let En,m denote it.
Now we note that {Vn,m | n,m = 1,2, . . .} ∪
{{p} | p ∈ ω} forms a base for W , that
Gn,m ∩Y =On and that Gn,m ∩W = Vn,m. We topologize the set Ω = Y ∪ω = Y ∪W by
taking all the sets
Gn,m, n,m= 1,2, . . . , and {p}, p ∈ ω,
as basic open sets.
To see that these sets can really form a base, first observe that it covers all parts of Ω .
Then let y ∈Gn,m ∩Gk,h ∩ Y . Since y ∈On ∩Ok , we have y ∈Os ⊆On ∩Ok for some
s. Take t so that t > m, h and ϕ(s, t) > ϕ(n,m), ϕ(k,h). Then we have S1/t (Os ∩X) ⊆
S1/m(On ∩X) ∩ S1/h(Ok ∩X), Us,t = S1/t (Os ∩X) ∩ r−1(Os ∩X)⊆ Un,m ∩Uk,h, and
finally y ∈Gs,t ⊆Gn,m ∩Gk,h.
It produces a T2-topology, because On ∩Ok = ∅ always implies Gn,m ∩Gk,h = ∅.
To see that it produces a regular topology, let y ∈ Gn,m ∩ Y . Since y ∈ On, there are
k, s so that y ∈ Ok ⊆ ClY Ok ⊆ Os ⊆ ClY Os ⊆ On. Take h, t so that h > t > m and
ϕ(k,h) > ϕ(s, t) > ϕ(n,m). Since S1/t (Os ∩X) ⊆ S1/m(On ∩X), we have Us,t ⊆ Un,m
and hence Gs,t ⊆Gn,m.
Now take z ∈ ClΩ Gk,h ∩ Y . If z /∈ ClY Ok then there is an i in which z ∈ Oi and
Oi ∩Ok = ∅. Then we have z ∈ Oi ⊆ Gi,h and Gi,h ∩Gk,h = ∅, a contradiction. So z ∈
ClY Ok should hold. This implies z ∈ Os , z ∈Gs,t ⊆Gn,m and finally ClΩ Gk,h ⊆Gn,m,
thus assuring the regularity and ultimately the metrizability (the second countability) of
our topology.
It is now quite routine to check that ω is dense in Ω , and Y and W are embedded in Ω
in a natural way. Also let us note that each En,m is closed discrete in Ω , unless it is defined
empty.
Thus Ω is an ω-extension of a compact space Y .
Finally we show that
KΩ =KW ∪ (Y \X)
that is,
Y \KΩ =X \KW .
Then we are done because of Proposition 2.
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Let y /∈ KΩ . Then Ω is locally compact at y , and there is a neighborhood Gn,m of y
which has compact closure in Ω . Then ClW Vn,m is compact, because otherwise ClΩ Gn,m
contains an infinite closed discrete set En,m of Ω by definition. Since W is dense in Ω , as
is well-known (see, e.g., [3, 3.15]), Vn,m is open in Ω . So we have On ⊆ Vn,m, y ∈ Vn,m
and hence y ∈X \KW .
Conversely, let x ∈X \KW . Then x has an open neighborhood Vn,m so that ClW Vn,m is
compact. Then we immediately have On ⊆ Vn,m and Gn,m = Vn,m. Therefore ClΩ Gn,m =
ClW Vn,m is compact, and x /∈KΩ .
This concludes the proof. ✷
6. Remark
Concerning the question in the Introduction, the author does not know whether there
exists a compact non-metrizable space X which satisfies (∗) for the class P of all compact
spaces. In light of the proof of Theorem 1 it might be interesting to know whether such a
space X, if exists, can be first-countable.
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